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Abstract

Recently, the V-O-F fractional differential operators have become quite
popular for modelling nonlinear dynamical systems with hereditary effects and
memory features. However, the V-O-F operator is more suitable for nonlinear
dynamical systems with chaotic properties, even though the integer-order
derivative operator is a great method for comprehending the behavior of some
ordinary differential equations. Here, we present a generalized numerical
method to simulate the solution of a broad class of V-O-F differential equations,
based on the theorem of fractional calculus and Lagrange interpolation
polynomials. The technique may effectively take into account various kernels,
including the Atangana-Baleanu-Caputo kernel, the Caputo kernel, and the
Caputo-Fabrizio kernel. We use our suggested numerical method to simulate
the dynamics of nonlinear chaotic models, specifically a circuit model and a
time-varying financial system model.

Keywords: variable-order fractional calculus, chaotic systems, numerical methods,
fractional derivatives, nonlinear dynamics.

1 Introduction

Recently, Fractional calculus has garnered a lot of interest as an extension of the traditional
calculus, which allows the differentiation and integration processes to be generalized for
non-integer order real numbers. This new generalized mathematical tool has been shown
to be a useful and flexible tool for modeling nonlinear systems, which can be more
accurately modeled compared to traditional integer order systems [1,2,3].

Fractional order modeling can be used as an efficient tool for modeling systems in which
memory effects, heredity, and temporal interactions over large time scales are dominant.
Such effects are often found in a wide variety of systems, including engineering processes,
biological systems, and physical systems, as presented in [4,5,6,7]. In contrast with integer
order modeling, fractional order modeling can capture the effects of the past states of the
systems, which makes it more efficient for modeling the systems' behaviors over time. In
fact, it has been shown that fractional order modeling can successfully simulate the
systems' behaviors, including nonlinear and chaotic oscillations, with high accuracy
compared with integer order modeling, as presented in [8,9,10,11]. This efficiency makes
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it more useful for the needs of the present technology and industry, in which memory
effects cannot be neglected.

Fixed-order fractional models may become inadequate when the memory characteristics
of a system change over time, since a constant derivative order cannot fully represent
evolving memory effects or dynamically varying system behavior. To overcome this
limitation, variable-order fractional derivatives have been developed, in which the order of
differentiation is allowed to vary with time, spatial position, or other system-related
parameters. Such flexibility makes it possible for the variable-order approach to effectively
model processes that have properties like non-stationarity, adaptation, and heterogeneity.
Thus, the use of variable-order fractional calculus can provide a more practical and
effective way to model complicated real-world phenomena [12,13,14,15,16].

In the last few decades, significant interest in the study of variable-order fractional chaotic
systems has been observed owing to their improved ability to model not only the memory
effect but also complex chaotic dynamics. As opposed to their fixed-order counterparts,
which cannot consider evolving dynamics of the system, the variable-order models
consider the changes in the nature of the system and therefore become a perfect way to
model nonlinear processes that possess time varying properties. Hence, such an approach
becomes more efficient and allows describing physical and engineering problems related
to nonstationary processes. Despite that, it should be noted that the analytical examination
of variable-order fractional chaotic systems is complicated due to their high level of
nonlinearity and time varying order of derivatives. Therefore, to explore dynamics of such
systems, stability issues, and chaos phenomena, numerical methods have proven
themselves to be extremely helpful. Besides, the rising popularity of variable-order
fractional models may be explained by the fact that such an approach shows good results
when applied in practice [17,18,19].

The V-O-F Models have been widely used in various scientific and engineering
disciplines. The V-O-F models have been effectively utilized in the non-linear
epidemiology models, where the diffusion of some behaviors, such as smoking and
pediculosis, takes place with time-dependent memory effect. These models have also
found significant use in control theory and engineering for the analysis and development
of control strategies for the stability of systems that are dynamically changing. The
development of advanced solution techniques for these models further highlights the
significance and applicability of V-O-F models [20,21,22,23]. Recent studies have
highlighted the growing importance of fractional calculus and advanced numerical
methods in accurately modeling complex dynamical systems [24,25,26,27].

Variable-order fractional financial systems are used to describe financial systems
realistically by considering time-varying memory effects and time-varying financial
market dynamics, which cannot be realistically captured by conventional integer-order or
fixed-order fractional financial models. Financial systems are highly complex in nature,
and financial models are characterized by many complexities, including long memory,
volatility clustering, regime switching, and nonlinear interactions among financial
variables. By considering time-varying order in fractional financial models, variable-order
fractional financial models can realistically capture time-varying financial market
dynamics, changes in financial structure, changes in investor behavior, and changes in
financial uncertainty levels, thereby enabling a realistic analysis of financial systems,
including financial forecasting, stability analysis, chaotic financial systems [28,29,30,31].
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The variable-order fractional financial system, as proposed initially in [32].is a
mathematical description of the dynamic relationships between the four essential economic
variables: production, money supply, bonds, and labor force. The combination of these
variables is a summary of the essential economic laws that govern the evolutionary
dynamics of financial markets. The variable-order fractional financial system is defined by

the operator Dg‘,gt) as follows:

(D%, () = x3(1) + (%2 () — )1 (8),
DO, (6) = 1= by (£) — 23 (1), @
DEPxs(t) = —x,(8) — cx3(2),

In this financial system, the dynamic of the interest rate x;(t) is controlled by two
main variables: the imbalance between investments and savings, as well as the structural
changes caused by fluctuations in the prices of goods. The investment demand x,(t) is
assumed to be proportional to the investment rate, illustrating the responsiveness of
investments to economic conditions. The price exponent x5(t) is a description of the
dynamics of prices within the commercial market and is controlled by the imbalance
between supply and demand [33].

To improve the descriptive capabilities of the classical financial system, the integer-
order derivatives are replaced by a variable-order derivative. This modification allows the
financial system to incorporate the effects of memory-dependent dynamics, thus enabling
the financial system to effectively deal with economic dependencies over time.

Figure 1 depicts three different fractional operators of variable order in the financial
model, namely Caputo, Caputo-Fabrizio (CF), and Atangana-Baleanu in Caputo sense
(ABC). The conventional Caputo fractional operator is associated with a power law kernel
along with classical initial conditions, which makes it suitable for representing the
phenomenon of long memory and heredity in financial modeling. However, the CF
fractional operator involves a non-singular kernel with an exponential kernel function that
represents short memory and rapidly varying phenomena without any singularity.
Together, these operators offer complementary perspectives for modeling variable-order
fractional financial systems.
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Figure 1: Classification and modeling advantages of the three variable-order fractional
operators.

The main contributions to the present work can be briefly described as follows:

A generalized numerical framework has been developed to handle variable-order
fractional differential equations with various kernel forms, such as power-law,
exponential-law, and Mittag-Leffler kernels.

New numerical approaches, based on the fundamental theorem of fractional
calculus and the Lagrange polynomial interpolation method, have been developed
for the variable-order fractional derivatives of the Caputo, CF, and ABC operators.

The developed numerical approaches have been applied to simulate the solutions
of nonlinear chaotic systems, such as the chaotic financial system and the
memcapacitor-based circuit chaotic oscillator.

A comparative analysis of the numerical solutions obtained with the variable-order
fractional operators has been carried out to assess the performance and convergence
properties of the numerical solutions.

The impact of the V-O-Fs on the dynamics of the chaotic system has been studied,
particularly during the transition between chaotic and regular dynamics.

Numerical results validate the performance and accuracy of the developed
numerical approaches, which can be effectively used to investigate the complex
variable-order fractional chaotic systems.
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2 Mathematical Analysis of the Fractional-Order financial
system

In this section, we analyze system 1. The objective is to investigate the dynamical behavior
of the proposed system.

2.1 Equilibrium Points Analysis
To find the equilibrium points of the system, we set the fractional derivatives to zero:
DG x,(8) = DI x, (1) = DL x5(t) = 0
From the third equation, we find:
X3 = —X;

Substituting x; = —x; into the first equation gives:

—x1+ (x;— Dy =0

x(x,— 2)=0
This leads to two distinct cases:
CaseA:x; =0
If x; = 0,thenx; = 0.
Substituting x; = 0 into the second equation:
1—-01x,—02=0->01x,=1>x,= 10
This yields the first equilibrium point:
E, = (0,10,0)

CaseB:x; = 0
If x; = 0, then the expression inside the parentheses must be zero, so:

X,— 2 =0->x,=2
Substituting x, = 2 into the second equation:

1-012)—x*=0

1-02—-x*=0-x2=08

2V/5
x, = V0, :in

Since x3 = —x;, we get x3 = V0.8. This yields two additional equilibrium points:

E, = (/0.8,2,—V0.8) and E,= (-V0.8,2,0.8)
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2.2 Jacobian Matrix at E

The general Jacobian matrix of the system is:

—2x, —01 0
~1 0 -1

J(x1,x2,x3) =

x,—1 x; 1]

Evaluating this matrix at the equilibrium point E, = (0, 10, 0):

10-1 0 1 9 0 1
](E0)=[ 0 —01 0]=[0 -0.1 0]

-1 0 -1 -1 0 -1

2.3 Characteristic Equation at E

To find the eigenvalues associated with E,, we solve det (Al — J(E,)) = 0:

A=9 0 -1
0 A+0.1 0 |=0
1 0 A+1

Expanding along the second row:
A+0D[A-99A+DH-(—D(MD]=0
(A+01)[22-81-9+1]=0

(A+0.1)(12—81—8) = 0

One eigenvalue is immediately apparent:
Al = _01

The other two eigenvalues are roots of the quadratic equation 12 — 81 — 8 = 0 Using the
quadratic formula:

L 8EV/(8)?—4(1)(-8) 8+V64+32 8++9%

+2
2 2 2 +2v6

The three eigenvalues at E, are:
Al = _01
A, =4+ 276 ~ 8.899

A3 =4 —2V6 ~ —0.899
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2.4 Stability Analysis of E

According to fractional-order stability theory, the equilibrium point is progressively

stable if all eigenvalues satisfy the condition:
aT
| arg (4;) I> > for i =1,2,3

Analyzing the arguments of the derived eigenvalues:

e 1, = —0.1is anegative real number, so | arg(4,) | = & > %
o 13 =4—2v6~—0.899 is a negative real number, so | arg(13) | = 7 > “2—”

o 1, =4+ 2v/6 =~ 8.899 positive real number, so its argument is exactly zero:

aT
| arg(d,) 1= 0> >

Therefore, the equilibrium point E, = (0, 10, 0) is unstable (specifically, exhibiting

saddle behavior) for any fractional order 0 < a < 1.

The classical definitions of stability are not applicable to the variable-order
fractional systems. The theorem of stability for constant order, e.g., Matignon's theorem,
is not applicable when the derivative order a(t) is time-varying. The rigorous theoretical
justification should be obtained using the fractional Lyapunov direct method. A positive-
definite Lyapunov function for the system is defined. The system is asymptotically stable
if the variable-order derivative of this function satisfies it, where 'c' is a positive constant.
The memory kernel is time-varying.

3 Definition and Analysis of the Variable-Order Fractional
Operators

This section defines the variable-order fractional derivatives with time-varying order a(t)
used to capture dynamic memory effects. It is also necessary to consider the present
theoretical debates concerning the properties of non-singular fractional operators like those
used in the Caputo-Fabrizio or Atangana-Baleanu formulation. According to the literature
[34], the above operators possess some particular limitations, especially that their value for
t = 0 is exactly zero; hence, these models impose some unnecessary limitations upon
certain problems and cannot be used in solving initial value problems that require satisfying
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the traditional statement of the fundamental theorem of fractional calculus. Nevertheless,
when considered within the framework of this investigation, the operators mentioned here
are used only within a variable-order setting with a continuously varying order a(t). These
non-singular fractional operators are not regarded here as derivatives in a classical sense
but only as memory operators having time dependence [35].

3.1 Liouville-Caputo Variable-Order Derivative

The Liouville-Caputo fractional derivative with variable order (t) uses a singular power-
law kernel and is well suited for modeling systems with heavy-tailed memory. It is defined

..... f (t—p) a(t)g(p)dp, 0<a(t)<1 (2)

r(1 a(t))
3.2 Caputo-Fabrizio Variable-Order Derivative (CF)

The Caputo—Fabrizio derivative in the Liouville—-Caputo sense (CF) uses a non-singular
exponential kernel to model smoothly decaying memory effects. For 0 < a(t) < 1, itis
defined as [36]:

..... crra®) o 2= a®)M(a(®) [_ (t —p)
..... DXg(t) = 20-a®) OT 0 g()dp  (3)
where the normalization function is given by: M(a(t)) = Z_Z(t)

3.4 Atangana-Baleanu Variable-Order Derivative (ABC)

The Atangana—Baleanu fractional derivative (ABC) uses a non-local, non-singular
Mittag-Leffler kernel to model complex nonlinear dynamics [37]:

..... ABC a(t) (a(t)) _ (_—p)a(t)
..... D, g(t) = — T—a(® ), Eqy|—a(®) 26 9(p)dp,0 < a(t) <1 (4)
where the normalization function B(a(t)) is defined as: B(a(t)) =1 — a(t) + r(aa((tt)))

and E, 1) (.) denotes the one-parameter Mittag-Leffler function, which is defined by the
following infinite series:

fuo ) = Zm )

4. Model Development in the Fractional Variable Framework

The variable-order fractional differential operators are used to create an effective
mathematical tool in modeling nonlinear fractional systems, including chaotic systems.
In this section, the suggested system is described using three different variable-order
fractional derivatives, namely the Caputo, CF, and ABC fractional derivatives. These
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variable-order fractional derivatives are connected with different kernels, including the
power-law, exponential-law, and Mittag-Leffler kernels, respectively.

Dyxy (£) = x3(t) + (2 () — @) x4 (8),
DEDxy (1) = 1 — by (£) — x2(D), (6)
D3P xs(t) = —x, (t) — cx3(8),

where Dgfgt)xl(t) denotes the variable-order fractional (V-O-F) derivative of order a(t) €

(0,1] with respect to time t. such that:
e C represents the Caputo sense,
e CF represents the Caputo-Fabrizio sense,
e ABC represents the Atangana-Baleanu-Caputo sense.

where a(t) € (0,1] is the VV-O-F taken in the Atangana-Baleanu-Caputo sense and t is
time.

5 Numerical Schemes for Variable-Order Fractional Financial System

This section derives the approximate scheme [38 ,40] for the proposed systems 6 are
obtained using three different fractional operators: the Caputo, Caputo-Fabrizio (CF), and
Atangana-Baleanu-Caputo (ABC) derivatives.
Consider system (1), where Dg‘_gt) represents the fractional derivative in the sense of
Caputo, CF, or ABC. The system is subject to the initial condition
x(0) =xo = (x1,0'x2,0'x3,0)T

Let x = (x4, x,, x3) €. The system can be written in the compact form

DyPx(t) = F(t,x(t)),t € [0,T]
where F(t,x(t)) = (fi, f2, fs)T denotes the nonlinear vector field.

5.1 Discretization and Numerical Schemes
To approximate the solution, we consider an equi-spaced mesh over the interval [0, a]
with time step

h = At = 0.001.

Let
t, = nh, n=0,1,2,
and denote by x; ,, the numerical approximation of x;(t,) fori = 1,2,3.
5.2 Caputo Fractional Scheme
Using the Caputo fractional derivative, the numerical approximation for x; is given by
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_ 1 n ha(t)fi(tm:xl,m:xz,m:x3,m)
Xipe1 = X;(0) + mzmzo [ co@oy P10

_ h“(t)fi(tm-1,x1,m—1:x2,m—1'x3,m—1) ]
a(6)(a(t)+1) (1)

(7)

Where
()= +1-m*On-—m+2+a)—n-—m*ODn—m+2+2a(t))
()= (n+1-—m)*D* — (n—m)*O(n—m+ 1+ a(t))
Similar expressions can be obtained for x, and xs.

5.3 Caputo-Fabrizio (CF) Scheme

For the Caputo-Fabrizio fractional derivative, the numerical approximation is expressed
as

@ e@A O oz - a(tDl it Xam Xo %)

) l(z —a®)(A—a(®) h

Xin+1 = Xin

(8)

2 t3

®2- a(t))l fi(tn-1, X101, X2n-1, X3n-1)
fori=1,2,3.
5.4 Atangana-Baleanu-Caputo (ABC) Scheme

For the ABC fractional operator, the numerical scheme is given by

1—a(t)
B(a(t))

+ 1 z[ha(t)f.(t X1 X2 X3.m) D1 ()
BlaO)I (a(®))(a(®) +1) &2 i(tms X1,m0 X2,m> X3,m

—ha(t)ﬁ (tm—l' xl,m_l, lem—lﬂ x3,m—1)(p2 (t)]

Xin+1 = X (O) +

fi (tn' xl,n' xz,n' x3,n)

)

5.5 Remarks on the Variable-Order Effects

To study the impact of the V-O-F on the system dynamics, three different forms of a(t)
are considered, each representing a distinct type of temporal variation:

Case 1 a(t) = 0.95 + 0.05 cos (é) represents a periodic variation of the fractional order,
allowing the investigation of oscillatory memory effects in the system.

1
Case 2 a(t) = Trexp(oD

situations where the memory effect gradually increases and approaches a stable level over
time.

describes a monotonic logistic-type variation, modeling
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Case 3 a(t) = tanh(t + 1) provides a smooth nonlinear transition toward a bounded
value, reflecting processes where the fractional order changes rapidly at first and then
stabilizes.

For obtaining profound insights on the impact of these variable-order functions on
hereditary characteristics of the systems, as well as the topology of the chaotic regime, one
must analyze their contribution under the perspective of dynamic modulation and temporal
nonlocality of phase space. So, in Case 1 (periodic variation), the continuously changing
values of the fractional order led to the dynamical "breathing” of the phase space of the
attractor when the system dynamically moves between extreme levels of memory retention
and dissipation. This results in continuous change of effective dimensions which forces the
system through a set of intermittently chaotic and periodic regimes. In its turn, Case 2
(logistic monotonic variation) represents the physical process which corresponds to
unidirectional evolution of the depth of memory when the variable order gradually changes
its value and reaches saturation. Thus, the volume of the phase space is permanently
deformed by such processes, and the trajectory of the system, starting from the unstable
transient stage, ends up with a stable chaotic attractor. Lastly, in Case 3 (rapid saturating
transition), an early shock is observed when there is a violent change in memory properties,
followed by saturation.

These examples demonstrate periodic, monotonic, and saturating phenomena in the
behavior of fractional order which provides insight into the way in which different types
of variable orders affect the dynamics of the systems.

As discussed in [30], three different forms of a(t) are studied for examining their effect
on the dynamics of the system as follows: (i) periodic behavior, Case 1, for exploring
oscillatory effects in memory; (ii) monotonic logistic curve, Case 2, for investigating the
effect of gradually stabilized memory; and (iii) saturating nonlinear behavior, Case 3.

6 Numerical Experiments

We perform numerical simulations of the variable-order fractional financial system with
step size h = 0.001 and initial conditions x; (0) = 2,x,(0) = —1, zx3(0) = 1. Where

a = 1,b = 0.1,and ¢ = 1, Three representative cases for the V-O-F a(t) are
considered: Case (1), Case (2), and Case (3). The numerical solutions exhibit chaotic
behavior in all three cases, highlighting the strong impact of variable-order dynamics on
the system.

6.1 Variable-Order Fractional Financial System under the C Fractional Scheme
Tables [1] to [3] show the V-O-F-based numerical solutions to the variable-order
fractional financial system under three cases. The state variables x, (t), x,(t), and x5(t),
decrease over time and x; (t), tend to stabilize, x,(t), tend to a less negative value, and
x3(t), change to negative values. The solutions under all cases are similar, indicating the
stability and reliability of the VV-O-F approach in computing solutions to this system over
t € [0,1].

Table 1: Numerical outcomes of System 6 (Case 1) under Caputo Derivative

Time x41(t) X, (t) x3(t)

0.0  2.000000000000000 -1.000000000000000 1.000000000000000
0.1  1.724424745320694 -1.213372334660323 0.753526074362359
0.2  1.428146254435692 -1.348939179917771 0.532262173361732
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0.3  1.164425261273389 -1.402807141572373 0.358779572817987
0.4  0.940924162702502 -1.399183078874255 0.224968140365386
0.5  0.756665937353346 -1.357094500644614 0.123230019834761
0.6  0.606958924709642 -1.290071652934141 0.046993243525755
0.7  0.486133686781775 -1.207241163152676  -0.009180823036689
0.8  0.388807614632160 -1.114592415002226  -0.049682556991202
0.9  0.310346575143726 -1.016004107936338  -0.078007813330325
1.0  0.246946103413197 -0.913974703950905  -0.096919943339741

Table 2: Numerical outcomes of System 6 (Case 2) under Caputo Derivative
Time x4 (t) X, (t) x3(t)
0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.697041116953062 -1.229070242212097 0.731699886019895
0.2 1.403155796835585 -1.356395196406918 0.514987504925266
0.3 1.142920759534802 -1.404337741125111 0.345329911225470
0.4 0.923022996552212 -1.396692719309057 0.214639079825023
0.5 0.742027570959925 -1.351969781660979 0.115400352798669
0.6 0.595090440716826 -1.283260585982099 0.041142664196284
0.7 0.476539317039024 -1.199370966691310 -0.013475753974148
0.8 0.381048887790159 -1.106071406220735 -0.052761011169213
0.9 0.304058280219521 -1.007096291026715 -0.080139173437995
1.0 0.241833135435834 -0.904850472120444 -0.098317266346809
Table 3: Numerical outcomes of System 6 (Case 3) under Caputo Derivative
Time x4 (t) x,(t) x3(t)
0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.700287639023131 -1.226062841172108 0.734903321848866
0.2 1.395936203531142 -1.353124507417639 0.512054396501047
0.3 1.134506947393636 -1.393835871827257 0.343162968521869
0.4 0.918760386867925 -1.378126441339662 0.215909064438180
0.5 0.744306811583702 -1.326677982949800 0.120740196649772
0.6 0.604467924143067 -1.253070246722077 0.050195635046403
0.7 0.492601843013214 -1.165965878808404 -0.001495841189844
0.8 0.402959337303294 -1.070821097383409 -0.038770484711204
0.9 0.330860232360038 -0.971060552627529 -0.065030987069602
1.0 0.272603912269224 -0.868836052980195 -0.082888777621829

6.2 Chaotic Behavior of Fractional financial System C

Figures 2—4 depict the chaotic behavior of the V-O-F financial system for Cases 1-3. For
all cases, it is observed that the state variables of the system display complex and non-
periodic behavior with sensitive dependence on initial conditions, which is reminiscent of
chaotic behavior. For Case 1, it is observed that the state variables of the system display
dense and overlapping behavior, which is typical of highly nonlinear interactions in the
system. In Cases 2 and 3, it is observed that the state variables of the system are
exhibiting spread-out behavior with similar patterns. These observations confirm that the
financial system is exhibiting chaotic behavior for different parameter values. Moreover,
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these results also confirm the effectiveness of the V-O-F financial model for modeling
the intricate behavior of financial systems.

This is illustrated in Figures 5 below for the three different cases under study. From
Figure 5 above, it is evident that the time evolution of the Lyapunov Exponents (LE) of
the system reveals its chaotic nature. All three different scenarios result in the
stabilization of the spectrum with a positive LE (LE; > 0) and zero or negative LEs, the
characteristic features of chaotic dynamics. Figure 6 shows the respective bifurcation
diagrams for the state x, as a function of b, showing chaotic dynamics at low values of b.

4

15 = S =

1 1

0.5 0.5

0 15 i 5L
A ; 4 : : 0
X Xl Xz

Figure 2: Phase portraits of Case 1 depicting chaotic behavior in system 6

4 2 2

4 2 0 2 4 4 2 0 2 4 20 0 1 2 3 4
X X X

1 1
Figure 4: Time evolution of the Lyapunov Exponents (LE) for Cases (1-3)
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Figure 5: Time evolution of the Lyapunov Exponents (LE) for Cases (1-3)
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Figure 6: Bifurcation diagrams of the state variable x2 versus parameter b for Cases (1-3)

6.3 Variable-Order Fractional Financial System under the CF Fractional Scheme

The corresponding numerical data presented in Tables 4 - 6 illustrate the dynamics of the
variable-order fractional financial system under the CF derivative for Cases 1-3. In all
cases, x; (t) is decreasing over time, x,(t) is negative and tends to zero, and x5 (t) is
decreasing steadily from its initial value. The data illustrate the typical damping and
memory effects of the fractional-order system, and the more significant decay in Cases 2
and 3 confirms the efficiency of the CF approach in modeling the fractional financial

system.

Table 4: Numerical outcomes of System 6 (Casel) under CF Derivative

Time x4 (t) X, (t) x3(t)
0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.852166204469266 -1.060777121680733 0.883875050061693
0.2 1.721260539445120 -1.110277446369389 0.782424377974070
0.3 1.593679511503398 -1.152543367264745 0.685376176494074
0.4 1.470448602696494 -1.185886475333039 0.593867756810375
0.5 1.352403151764514 -1.209555125460355 0.508624138026356
0.6 1.240217296659660 -1.223485943351809 0.430033997677553
0.7 1.134397218716747 -1.228085358712813 0.358223411703635
0.8 1.035271543652639 -1.224054090442035 0.293120860142234
0.9 0.942993023437463 -1.212253018906266 0.234511900371267
1.0 0.857553615185788 -1.193605144633153 0.182083825845616
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Table 5: Numerical outcomes of System 6 (Case2) under CF Derivative

Time x4 (t) X, (t) x3(t)
0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.832182416732932 -1.141686321256652 0.843754182505833
0.2 1.678715392443102 -1.239854123753716 0.717034615795036
0.3 1.529088417802785 -1.312079200348966 0.603906040668906
0.4 1.386378928771702 -1.361583250456383 0.503438897456361
0.5 1.252519870113164 -1.391661302048166 0.414627372853339
0.6 1.128540899700378 -1.405437209723990 0.336443120207710
0.7 1.014802699629024 -1.405728734903003 0.267874654108536
0.8 0.911199364986884 -1.394991317246279 0.207954126279810
0.9 0.817320184704590 -1.375312623734479 0.155773905183452
1.0 0.732571720451567 -1.348436307020923 0.110495434554900
Table 6: Numerical outcomes of System (Case3) under CF Derivative

Time x4 (t) x,(t) x3(t)

0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.788782136549095 -1.086592308569718 0.834964345809017
0.2 1.661786133480226 -1.127927869686234 0.738165671222016
0.3 1.538139540927947 -1.162719620473662 0.645539051156767
0.4 1.418879613979073 -1.189377955666955 0.558179993307815
0.5 1.304818768982004 -1.207178877040582 0.476790011176915
0.6 1.196582493187162 -1.216041141133951 0.401747897783074
0.7 1.094618775045545 -1.216324361870964 0.333179602406483
0.8 0.999200628193684 -1.208664679091806 0.271020662667871
0.9 0.910435017619512 -1.193848978016961 0.215068963403123
1.0 0.828281062885273 -1.172723264540805 0.165027829534236

6.4 Chaotic Behavior of Fractional financial System CF

The phase portrait diagrams for Cases 1-3 of the variable-order fractional financial
system are shown in Figures 7 - 9. It can be seen that there are typical fractional-order
dynamics for the system, and the spiral convergence of the system can be found. With the
increase of the case numbers, the attractors of the system are stretched and complex.

The chaotic behavior and stability of the model under different parameters are described
in Figures 10 and 11. The graph shown in Figure 9 represents the dynamic time plot of
the Lyapunov Exponents (LE). This result verifies the existence of chaos with rapid
stabilization of the highest positive exponent value (LE; > 0). On the other hand, the
bifurcation behavior of the state variable x, for varying b values is depicted in Figure 10.
These bifurcation diagrams support the findings of LE, which exhibit a dense chaotic
area for small values of b that eventually evolve to stable orbits or equilibria through
inverse bifurcations.
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Figure 8: Phase portraits of Case2 depicting chaotic behavior in system 6
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Figure 9: Phase portraits of Case3 depicting chaotic behavior in system 6
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Figure 10: Time evolution of the Lyapunov Exponents, confirming chaotic dynamics via
a positive maximum exponent.
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6.5 Variable-Order Fractional Financial System under the CF Fractional Scheme

The solutions of System 6 using the ABC derivative for Cases 1-3 have been presented
in Tables 7- 9. It is found that x, (t) becomes smaller with time, whereas x, (t) increases,
and x5 (t) also decreases in all three cases, although some small oscillations exist for .
x3(t) The third case shows a slower rate of decay.

Table 7: Numerical outcomes of System 6 (Case 1) under ABC Derivative

Time x4 (t) X, (t) x5(t)

0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.455762029492741 -1.340708028652927 0.551518535519785
0.2 0.960742212493873 -1.401786977328402 0.236661760847000
0.3 0.620250575160089 -1.297460667140333 0.053773751573720
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0.4  0.397597764267888 -1.124039315645222 -0.046025990837698
0.5 0.252736927675522 -0.924352434276632 -0.095247845105058
0.6 0.157516684982617 -0.716310886844044 -0.114334235951864
0.7 0.094056058345407 -0.507336968136365 -0.115938785714587
0.8 0.051209480547734 -0.300502330671519 -0.107860531681110
0.9 0.021963698169226 -0.097053726486361 -0.094883055720635
1.0 0.001818228176729 0.102538089478199  -0.079905636780178

Table 8: Numerical outcomes of System 6 (Case 2) under ABC Derivative

Time x4 (t) X, (t) x3(t)

0.0  2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.374561224624782 -1.317051798050836 0.509820303997550
0.2 0.947799183054705 -1.312793204749109 0.241217767940336
0.3 0.658116435138515 -1.191873619316955 0.080749573542384
0.4  0.463214880601654 -1.022082612904296 -0.012959436087917
0.5 0.330815917008662 -0.832927563310367 -0.065172049732912
0.6  0.239511825004589 -0.637407479083763 -0.091592581454884
0.7 0.175588651909296 -0.441340386842633 -0.102111811399155
0.8 0.130254064992160 -0.247346048674694 -0.103024218941169
0.9 0.097791707272003 -0.056582159401757 -0.098361522246319
1.0 0.074416597847432 0.130476381708597  -0.090709725471872

Table 9: Numerical outcomes of System 6 (Case 3) under ABC Derivative

Time x4 (t) x5 (t) x3(t)

0.0 2.000000000000000 -1.000000000000000 1.000000000000000
0.1 1.074807677384052 -1.073511032682446 0.310313755420307
0.2 0.911559134998432 -0.951181375896807 0.212905524212941
0.3 0.794575171476623 -0.826627797788957 0.135353612095623
0.4 0.697751119383628 -0.693652475931867 0.073000597804045
0.5 0.616177640161282 -0.551690632417853 0.022151253010529
0.6 0.547514514760706 -0.401488508809232 -0.019136179824459
0.7 0.490268201935585 -0.244397745690994 -0.052308871320868
0.8 0.443242278320522 -0.082011082870196 -0.078690227118605
0.9 0.405378054037199 0.084046357892494  -0.099567601330059
1.0 0.375733897858252 0.252232879100592  -0.116184866604117

6.6 Chaotic Behavior of Fractional financial System ABC

The phase portraits presented in Figures 12 - 13, and 14 illustrate the evolution of a chaotic
system across three distinct scenarios, projected onto the x; — x5, x; — x3, and x, — x5
planes. Figure 12 (Case 1) utilizes a multi-colored gradient to highlight the temporal
progression and orbital divergence characteristic of strange attractors, while Figures 13
and 14 (Cases 2 and 3) employ uniform blue and red color schemes, respectively, to focus
on the geometric density of the trajectories.

Both Figures 15 and 16 investigate the dynamical process and sensitivity to parameters of
the system. The LE spectra in Figure 15, on the other hand, show that the system indeed
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possesses chaotic attractors for all cases, characterized by an asymptotic (+, 0, -) signature
where the largest value of the LE is positive (LE; > 0). In particular, the bifurcation
diagrams of the state variable x, for the parameter interval b € [0,0.5] plotted in Figure 15
completely agree with the results obtained via LE analysis. Chaotic regions are clearly
identified with dense bands at smaller values of b, until undergoing a transition beyond the
critical range of b € [0.22,0.26].

5 1 2 2

Figure 12: Phase portraits of Case 1 depicting chaotic behavior in system 6

3.5 T 15 15

3

1 1

25

un

Figure 14: Phase portraits of Case 3 depicting chaotic behavior in system 6
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Figure 16: Time evolution of the Lyapunov exponents for three cases, showing
convergence and a positive maximum exponent indicative of chaotic behavior.

Table 10: Determination of the numerical accuracy of the Caputo schema for Case 1.

A =|Co.01— Co.o01

A = |Co.001 — Co.0001|

Ax1

Ax2

Ax3

Ax1

Ax2

AXx3

0.5

0.6

0.7

0.8

0.9

1.0

1.46384 x 102

1.18685 x 102

9.59437 x 1073

7.75873 x 1073

6.28829 x 107

5.11297 x 1073

5.12472 x 1073

6.81107 x 1073

7.87020 x 1073

8.52101 x 1073

8.90782 x 1073

9.12423 x 1073

7.82967 x 1073

5.85058 x 1073

4.29493 x 1072

3.07845 x 1073

2.13136 x 103

1.39732 x 1073

1.46408 x 1072

1.18392 x 1073

9.54167 x 10

7.69034 x 10~

6.21039 x 10

5.03011 x 10

5.26688 x 10

6.96523 x 10

8.02841 x 10+

8.67884 x 10+

9.06308 x 10

9.27606 x 10~

7.70941 x 10

5.72366 x 10~

4.16838 x 10~

2.95728 x 10~

2.01887 x 10

1.29547 x 10+
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Table 11: Determination of the numerical accuracy of the CF schema for Case 1.

0.5

0.6

0.7

0.8

0.9

1.0

A =|CFo.01 — CFo.o01|

A =|CFo.001— CFo.0001

Axy

Ax,

Ax

Axq

Ax,

Ax,

4.75844 x 10

4.36348 x 107

3.97784 x 107

3.60709 x 102

3.25580 x 10

2.92726 x 102

2.37625 x 1073

7.44480 x 1073

1.17610 x 10

1.53894 x 10

1.84040 x 10

2.08819 x 10

3.18341 x 10

2.82861 x 102

2.50438 x 102

2.21002 x 102

1.94429 x 10

1.70560 x 10

8.619619 x 1073

7.892161 x 1073

7.183091 x 1073

6.502406 x 102

5.858344 x 107

5.256822 x 10

8.052315 x 10

1.714997 x 1073

2491304 x 10

3.144656 x 10

3.687663 x 1073

4.133781 x 1073

5.888083 x 1073

5.251373 x 1073

4.667823 x 1073

4.136669 x 1072

3.656101 x 103

3.223551 x 1073

Table 12: Determination of the numerical accuracy of the ABC schema for Case 1.

0.5

0.6

0.7

0.8

0.9

1.0

A =|ABCo.01— ABCo.o01

A = |ABCo.001 — ABCo o001

Axq

Ax,

Axs

Axq

Ax,

Ax;

1.05230 x 102

7.22369 x 1073

5.12036 x 107

3.78043 x 1073

2.94040 x 102

2.43967 x 107

1.77924 x 1072

1.80221 x 10

1.78519 x 102

1.75071 x 10

1.70856 x 1072

1.66307 x 102

3.10530 x 107

1.09466 x 102

6.87043 x 10~

7.05648 x 10~

1.02063 x 1073

1.14545 x 107

1.12466 x 1073

8.65906 x 10

7.49809 x 10~

7.32226 x 10

7.87469 x 10~

9.01485 x 10

1.73277 x 1073

1.69439 x 1073

1.60426 x 1073

1.48585 x 1072

1.34986 x 1073

1.20168 x 1072

3.36767 x 10~

1.78102 x 10~

1.03816 x 10

7.64173 x 107

7.08490 x 10~°

6.98938 x 10—

6

Conclusion

The current study achieves its goal of developing and implementing numerical methods
for solving V-O-F differential equations. Relying on the fundamental theorem of fractional
calculus and Lagrange interpolation, the developed scheme provides an accurate solution
for the numerical evaluation of fractional operators governed by different kernel
definitions such as singular power-law (Caputo), nonsingular exponential-law (CF), and
nonlocal Mittag-Leffler-law (ABC). We utilized the algorithms described above to explore
the dynamics of highly nonlinear complex systems like the chaotic financial system and
memcapacitive oscillators. The simulations reveal the stability and high precision of the
proposed scheme, especially when using fine time step sizes. A comparison study among
the Caputo, CF, and ABC operators reveals unique advantages and disadvantages for each
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one regarding modeling chaotic dynamics. More importantly, our numerical results
demonstrate the effect of changing the fractional derivative order in time on the dynamics
of the whole system, causing bifurcation and switching between chaotic and stable
behavior. Future work will explore new fractional models [41,42] and compare them with
other numerical methods [43,44].
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