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ABSTRACT

In this paper, we investigate the minimization of the shape functional energy defined by the sum of the classical
perimeter with a competing potential of a regular kernel, which is maximized by the ball. On the class of
measurable subsets of the m-dimensional Euclidean space, which are of finite perimeter and have a fixed volume
v, we prove the existence of a minimizer and we determine a condition on the kernel for which the ball becomes
the minimizer of the considered problem. We then develop a MATLAB-based numerical algorithm to approximate
the shape functional problem for the kernel exponential. The numerical results indicate the existence of a threshold
area s,, which depends on the area and the regular kernel, such that below which the disk appears to minimize the
shape functional among the considered shapes. Also, we augmented the considered shape functional by adding the
Fraenkel asymmetry of E multiplied by 2v||K||,:, we prove that the ball of volume v is a minimizer of the
augmented shape functional.
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1 Introduction

On the admissible class A,, constituted by measurable subsets E c Q2 of finite perimeter (cf. Def. 1)
whose Lebesgue measure |E| = v endowed with the L!-topology, where 2 is a compact holdall

[

admitting a non-empty interior 2 whose volume (2| > v > 0 and with a Lipschitz boundary 9.2, we

consider the shape functional G defined as follows:
VE € Ay, G(E) = P(E) + [ym JgmXe COK(x —y)xe(y) dx dy, 1)

where P(E) denotes the perimeter of the shape E, yr denotes its characteristic function and K €
L*(R™, dx) is a fixed non-negative kernel which will be assumed symmetric decreasing rearrangement
invariant, i.e., K* = K (cf. [5, page 82]). As an example of kernels on R™ obeying these conditions, we
can cite the exponential functions K(x) : = exp(ll x I*) with « > 0 and || x || denotes the standard
Euclidean norm in R™,

In the shape optimization literature, it is well-known that the ball of volume v, noted Bg, C R™,
minimizes the perimeter functional E ~ P(E) on the class of shapes A,; on the other hand the same
ball maximizes the second term (convolution) in the defining expression (1) of the functional G on A,
(cf. [5]). That is to say, these two terms constituting the shape functional G are competitive on the class
A,.

This paper will be organized as follows: Section 2 is devoted to the study of the shape functional G, in
particular we show that G is lower semi-continuous on <A,,, and admits a minimizer on A,,; Section 3
aims at computing the approximate value of the shape functional Py (E) : = fE fE K (x —y)dxdy by
using an algorithm on MATLAB, for a tested regular shape in R? of fixed area; in Section 4, we augment
the shape functional G(E) by adding the term 2v || K Il 1 (gmy @(E), where
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|[EA(BRy+)|

E| . We prove that the ball of volume v minimizes the augmented shape

a(E) : = infyegm
functional on A,,.

2 Generalities on the Shape Functional A

2.1 Sets of finite perimeter
In this paragraph, we recall definition and we give briefly some properties of the perimeter.

Definition 1. A nonempty measurable subset E c Q2 is called finite perimeter in De Giorgi’s sense
(cf. [1], [4]. [6]) when the following supremum is finite:

P(E):=sup {f xe (%) div(F(x)) dx; F € CL(R™,R™), | F llo< 1} < 400
RTL

In other words, a measurable subset E < (2 is considered finite perimeter if and only if the weak gradient
of its characteristic function V yz: C2(R™, R™) — R is a bounded vectorial Radon measure with a finite
total variation || Vxg ll= P(E). Particularly, for a measurable subset E of finite Lebesgue volume, its
perimeter in De Giorgi’s sense will be finite if and only if the characteristic function yy belongs to the
Banach space of functions of bounded variation BV (2) (cf. [4, page 194]).

The classical isoperimetric inequality states that the perimeter of any measurable set E with finite
volume v is bigger than the perimeter of balls with the same volume v; that is, for every admissible
shape E belonging to the class A, : = {E < 0: xz € BV(Q),|E| = |Bg,| = v} we have:
S m-1
maoy |[E|'m™ < P(E) (2)
where w,, denotes the volume of unit ball B in the Euclidean space R™. In fact, since the perimeter of
unit ball is P(B) = mw,, then the left-hand side of (2) becomes P(BRV) where, henceforth,

1

R,:= (wi)ﬁ will denote the radius of a ball Br_ (y) (resp. Bg ) of volume v centered at y € R™ (resp.

m

at0 € R™).

2.2 Basic properties of the regular potential Px

In this paragraph, the class of admissible shapes A,, will be endowed by the L!-topology. That is, a
sequence of admissible shapes E; € A, converges to an admissible shape E € A, if and only if the
Lebesgue measure of the symmetric difference of the shapes E, and E, |E, AE|:= me

| X, (x) — xg(x)| dx, converges to zero when k goes to infinity.

Let K € LY(R™,dx) be a kernel, which will be by definition a non-negative function, symmetric
decreasing rearrangement invariant, i.e., K* = K (cf. [5, page 82]). On the class of admissible shapes
A, we consider the functional defined by the following integral expression:

vEed, PuE)i=| | K- r0)dxdy
We start, then, our analysis by proving the continuity of the shape functional P, on A,, with respect to
the L!-topology.
Proposition 1. For any kernel K € L*(R™), we have the following affirmations:
(1) VE,F € Ay, |Pc(E) —Pc(F) < 21K ll2 |[E AF).
(2) Pk is continuous in the sense of characteristic functions (i.e. L!-topology).

(3) The ball of volume v is a maximizer of the shape functional P, on A,,.
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Proof. 1) For any pair of shapes E and F € A, by organizing the difference Py (E) — Px (F), then we
get

P (E) — Py (F)

me fmm(XE - XF) (x)XE(}’)K(X - y) dy dx
f f (e — xr) O xr()K(x —y) dx dy.
R™M JRM

—+

By Fubini’s theorem, we also have

f (e = xp) Cxp (WK (x —y) dy dx = f
RM JRM

RM

( meXE WKx —y) dy) (e — xp)(x) dx

So, we get

f (s — 1) D NK G — y) dy dx| <IK Il |E A F]
Rm [Rm

In the same way, we obtain:

me me(xE —xr) Wxr(OK(x —y)dxdy| <I K 1 |[E AF|

Therefore, we deduce that for all E and F € A,, we have |Pgx(E) — Px(F)| <2 Il K 1 |[E AF].
is a consequence of 1).
is none other than Riesz’s rearrangement theorem (cf. [5, th. 3.7]). =

Thanks to the lower semi-continuity of the perimeter (cf. [4, Th. 5.2]) and the continuity of P, we can
deduce that:

Corollary 1. The shape functional (1), G : = P + P, is lower semi-continuous on the class of shapes
A,
2.3 Minimization of the shape functional G on Ay

Recall that the kernel K € L*(R™, dx) is assumed non-negative, then the following lower bound is a
finite real number:

inf{G(E):E € A,} >0
Proposition 2. There exists an admissible set E* € A, such that:
GE") = inf{G(E):E € Ay}

Proof. Letm(v) : = inf{G(E): E € A,}. Then there exists a minimizing sequence (E}) < A,, such that
limy_, G (E;) = m(v). On the other hand, since the sequence of perimeters P(E;) < G(Ey) is
bounded, then this implies that the sequence of characteristic functions yg, is bounded in the Banach

space of functions of bounded variation BV (2) because we have
I xg, lsv=|Ex| + P(Ex) < v+ G(Ey).

Thus, according to the compactness theorem for BV functions BV (2) & L1(2) ([4, th. 5.5, p. 202]),
there exists a measurable subset E* c 2 of finite perimeter such that lim;_, . |Ex A E*| = 0.

The volume constraint |E*| = v follows directly from the L*-convergence of the characteristic functions.
Indeed, since g, — xg+ in L'(R™) we have

|Ex| — |E*|| = U (xg, — xp+) () dx| < f |XEk(x) — xe ()| dx =l X, — XE* lprrmy
R™ R™
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Then, |[E*| = limy_»|Ex| = v, because |Ey| = v.

Since Ej, < (2 for every k, then yg, = 0 a.e. on R™\Q2. Therefore,

f 126, () — x5 ()| dx = f
R™\Q R

On the other hand, we have

e (O] dx = f oo () dx = [E\Q]
m\0 R™M

E\Q| = j 125, () — x5 (0] dx < j 26, () — x5+ (0| dx < x5, — x5+ Naggamy,
R™\ 02 R™

the fact that yg, converges to g~ in LY, then | Xg, — Xg* ljagmy— 0 @s k — +oo. Hence, [E*\2| = 0.

Consequently, E* c Q2. Therefore, the subset E* belongs to A,. Finally, thanks to the lower semi-
continuity of the functional G (cf. Cor. 1), we conclude that G(E*) = liminf,_4+.G(Ex) = m(v) and
that the shape E* is a minimizer of the shape functional G on A,,. =

In the rest of this paper, we will establish that: for any considered kernel K € L' (R™, dx) the minimizer
shape E* € A, of the correspondent shape functional G is a ball of volume v under condition on the
kernel K.

Theorem 1. Let K € L'*(R™) be a kernel. Then, there exists a constant universal C,, > 0 such that: if

/cmP(BRv)

1
K Ny gy < ——— infeea, (P(E) — P(Bg,))z, then the ball of radius R, minimizes the shape

functional G on the admissible class A,,.
Proof. Forany E € A,, we have G(Bg,) — G(E) = P(Bg,) — P(E) + Px(Bg,) — Pk (E).

Remember that from the quantitative isoperimetric inequality (see [2, pr. 2.1] or [3, th. 4.3]), there exists
a universal constant C(m) > 0 such that P(E) > P(Bg,) + C(m)P(Bg,)a(E)?, where a(E) is the
Fraenkel asymmetry of the shape E.

Thanks to Proposition 1 and the fact that the ball maximizes the shape functional Py, we obtain for
every y € R™

Pk (BRU(J’)) —Px(E) < 2 11 K lljagmy |E ABR,,(Y)'

Since the shape functional Py is invariant up to translation, because for any measurable subset E ¢ R™,
we have

Va € R™, P(E +a) = j f Xpva COKC = Y)xera(y) dx dy
RM JRM
- f j 26 = DK (G = @) — 0 — @))xe(y — @) dx dy = Py (E)
RM JRM

This gives us: Px(Bg,) = Pk (BRV(Y))-
Therefore,

Px(Bg,) — Px(E) < 2 I K ll 2 gm) ien]{ |E ABr, ()| <21 K ll 2 gmy |Ela(E)2.
y m

Hence,
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P(E) — P(BRU)>

G(Br,) = G(E) < P(Bg,) = P(E) + 2 Il K ll2gmy E| ( Cm)P(Br,)

/2 I K lpgem 1EL

£\
\ (o) — (P(E) - P(Bg, ))/

21 K Nl gy 1E|

/C(m)P(BRv)

< (P(E) - P(Bg,))

21 K Nl gy |E|

/C(m)P(BRv)

< (P(E) - P(Bg,))
o 2 K gy _

1
VE € A, — (P(E) = P(Bg,))* < 0 & VE € A,:

N| =

N =

E.Ec/j; (P(E) P(Bg, )) Sl K Nl gm

/C(m)P(BRv)

2v

/C(m)P(BRv)

<

1
inf (P(E) — P(Bg,))".
E€EA,
_ lc(m)P(Bg,) 2 )
Thus, for every kernel K with || K |l 1 gm)< TinfEele (P(E) —P(BRv)) , We obtain
G(Bg,) < G(E) forany E € A,.

Consequently, the ball By is a minimizer of the shape functional g for every kernel K satisfying

/ C(m)P(Bg,)

1K My < =———— inf (PE) - P(Br,))*. -

N| =

2.4 The first shape derivative of the shape functional g

In this subsection, E denotes an open set of finite perimeter such that dE is a C? hypersurface. Given a
vector field X € CZ°(R™; R™), we define the flow inducted by X as the solution in t of the ODEs

{atd)t(x) = X((I)t(x));
$o(x) = x
for every x € R™. Let E, : = ¢, (E). We assume that the regular kernel K belongs to C*(R™, R*).

Proposition 3. Let X € C°(R™; R™) be a smooth vector field such that div X = 0, and define the
perturbation ¢, (x) = x + tX(x), E; = ¢:(E). We have

d
_(?K(Et))|t=o = 2] JK (x — y)X(x) ~v(x) dy df]{m_l(x)
dt 0E YE
Proof. We have Py (E) = [ [ K (x —y) dx dy. Applying a change of variables, we obtain,

Pr(Ey) = f f K (6:00) — c)) det(D, (0))det(Depe () dx dy.
E YE

We have det(D¢,) = 1 + tdiv(X) + o(t?). We differentiate with respect to t and set t = 0, we obtain
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d
i (P (ED)le=0
=f fVK(x—y)-(X(x)—X(y))dxdy+f fK(x—y)div(X(x))dxdy
E JE EJE

+ L LK (x—y) div(X(y)) dx dy

=j jVK(x—y)'X(x)dxdy—f jVK(x—y)'X(y)dxdy
EJE EJE
+f fK(x—y)div(X(x))dxdy+f fK(x—y)div(X(y))dxdy
EJE EJE

Since VK(x —y) = =VK(y — x), then

d
a (Px(ED) =0

=f fVK(x—y)-X(x)dxdy+f fVK(y—x)-X(y)dxdy

EJE EE

+J JK(x—y) div(X(x)) dxdy+f fK(x—y) div(X(y)) dx dy
EJE EJE

The fact that K is symmetric, it gives
d
E(?K(Et))|t=0 = Zf f (VK(x —y)-X(x)+Kkx—y) div(X(x))) dx dy
E YE

=2 fE (Ldivx (K(x —y)X(x) dy> dx

Applying the Gauss Divergence Theorem, we obtain
d
= (Pe(E))le=0 = 2 f fK (x —y)dy X(x) - v(x) dH™ 1 (x)
dt 0E YE

Consequently, dPy (E)[X] = 2 [, (J, K (x =) dy) X(x) - v(x) dFH™*(x), where v is the outward
unit normal to JE. -

Corollary 2. The first shape derivative under volume constraint of the shape functional G in the direction
X is given by:

G -x =

5}

(2 f K(x—y)dy+ H(x))X(x) cv(x)dH™ 1,
E E
where H : = div,(v) is the mean curvature of E and v denotes the outward unit normal to dE.

2.5 Euler Lagrange Condition

By the method of Lagrange multipliers, optimizing the shape functional G(E) under volume constraint
|E| = v is equivalent to finding the unconstrained critical points of the shape functional

L(E):=G(E) — A(E| —v),

where A € R. The first variation of the shape functional L(E) in the direction of a smooth vector field
X € C2(R™; R™) is given by:

ac@x = |

<2fK (x—y)dy+ H(x))X(x) v dH™ -2 X(x)-v(x)dH™ 1!
0 E

0E

Then, a set E is a critical shape of the shape functional G(E) under volume constraint if dL(E)[X] = 0
for every X preserving the volume, then this implies
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2[K(x—y)dy+H(x):A Vx € OE
E

Proposition 4. The ball By is a critical point under the fixed-volume constraint of the shape functional
g.
Proof. Let VBe, (x):= fBRvK (x — y) dy. Now, we show that the function VBe, is constant on 9By .

Let x4, x, € 0By, then there exists a rotation R € SO(m) such that x, = Rx;. We have

Vo, G2) = | KC=y)dy= | K(Rw=y)dy
BRr, Bgry,
We put y = Rz, then
VBe, (xy) = J. K (Rx; —Rz)dz = f K (R(x, —2))dz

Br, BRr,

Since the kernel K is radial, then there exists a function f:[0,+oo[— R such that K(R(x1 - z)) =
F(R(x; — 2)1). As the rotations preserve the norm, then K (R(x; — z)) = f(|x; — z|) = K(x; — 2), 50
VBRV (x2) = VBRU(X1)-

Consequently, VBe, is constant on dBg, . Since Hg, (x) = mT_l. Therefore, Ver, T Hpp, is constant on
0Bg,. As aresult, G'(Bg,) - X = C faBR X (x) - v(x) dH™ 1. The fact that X is volume-preserving,
then faBRvX (x) - v(x) dH™ * = 0. Hence, G'(Bg,) - X = 0. Therefore, the ball B is a critical point
under the fixed-volume constraint of the shape functional G(E). =

Problem. Since under the volume constraint, balls represent critical points of the shape functional G.
However, the fact that a ball is a critical point does not, in itself, determine whether it is a local minimum,
a local maximum, or a saddle point. Furthermore, since the perimeter is not bounded above among sets
of fixed volume, the shape functional G does not admit a global maximum at a ball. Thus, a ball can be

a local minimum or rather a saddle point of the shape functional G, depending, in particular, on the
kernel considered and the value of the volume.

This remark motivates the numerical study of the shape functional G on four families of regular shapes
of the planar having the same area.

3 Numerical Computation of the Shape Functional G(E) for Some Tested
Regular Planar Shapes of the Same Area and K(x) = exp(—Ixl®)

In this section, we seek to study the approximative value of the energy G(E) on the tested families of
regular planar shapes of the same area.
Let X and Y be independent random variables uniformly distributed over a set E ¢ R™ with area |E]|.
Their probability density functions are:
1 1
x) = —yp(x and =— .
fx () lElXE( ) fr@) |E|x5(y)
The fact that X and Y are independent, then their joint density function is:
1
fey(,y) = fx(fy(y) = EEXE )xe)

Since E[K(X —Y)] = [ [, K (x = y)fxy(x,y) dxdy = #fE JoK (x —y)dxdy,then [ [.K (x —

y)dxdy = |E|> E[K(X — Y)]. Using the Law of Large Numbers, E[K(X —Y)] can be estimated
empirically by sampling N independent, identically distributed pairs (X;, Y;) uniformly from E:
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N
1
E[K(X — V)] ~ Nz K (X; - Y)).
i=1

2
Consequently, [, [ K (x —y)dxdy =~ %Z?’ﬂl( (X; —Y;), which is called the Monte Carlo
estimator.

So, for every shape E in the planar of fixed area s, we have
N
a Sz 2 2 L4
Py (E) ~ ﬁz exp (_((Xil =Y+ Xiz — Yi2) )2),
i=1

where X; = (X;1,X;2) and Y; = (Y;4,Y2), i =1,..,N independent, identically distributed pairs
uniformly from E. We develop MATLAB algorithms that compute the approximate value of PZ (E) for
the disk, the equilateral triangle, the square and regular hexagon, all having the same prescribed area
and for N = 100. The following tables present the approximate value of the shape functional G(E) for
different prescribed areas s.

Case 0. = 2.
Table 1. Numerical values of G(E), for s = 20 (0=2).

Shape P(E) Pu(E) G(E)

Disk 2V(20m) 69.5799 85.4332
Hexagon 20(40V(3)) 57.4472 74.0944
Square 4(20) 52.0420 69.9305
Eq. triangle N2OVBHNEB) 46.7512 67.1395

mP(E) OPx(E) OGE)

80 - |

60 | 8

40 | :

20 - -

Lml el
OF &

X Qg 2

1

Fig. 1. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 1 for the disk, hexagon, square, and
equilateral triangle (s = 20, a = 2).

Table 2. Numerical values of G(E), for s = 15 (0=2).

Shape P(E) P(E) G(E)

Disk 2N(15m) 41.6533 55.3827
Hexagon 29(30V(3)) 40.6163 55.0332
Square 4(15) 33.9180 49.4099
Eq. triangle N(15NBHA3) 30.8548 48.5127
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OP(E) OPx(E) OGE)

60 F =
40 - ) M .
7]
=5 —
=i —
=
20 - -
U H T T H@ E;‘
03& ng & &
«2@ ) &(,

Fig. 2. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 2 for the disk, hexagon, square, and
equilateral triangle (s = 15, a. = 2).

Table 3. Numerical values of G(E), for s = 3.5 (a=2).

Shape P(E) Pw(E) G(E)

Disk 2V(3.5m) 6.0345 12.6664
Hexagon 2V(7V(3)) 5.4870 12.4510
Square 4(3.5) 4.8762 12.3595
Eq. triangle 6VB.5VBHAB3) 4.3453 12.8745

OP(E) OPk(E) OG(E)

10 - .

0 T

Values
T
7
@
[

do
A
*2@ O.)o" &0&\

Fig. 3. Bar chart of the numerical values of P(E), P«x(E), and G(E) of Table 3 for the disk, hexagon, square, and
equilateral triangle (s = 3.5, o = 2).

Table 4. Numerical values of G(E), for s = 3.2 (¢=2).
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Shape P(E) Pw(E) G(E)

Disk 2N(3.27) 5.1427 11.4840
Hexagon 2V(6.4N(3)) 45935 11.2524
Square 4(3.2) 45314 11.6868
Eq. triangle 6VB.2VBHAB3) 4.2822 12.4376

OP(E) OPk(E) OG(E)

10 - .

Values

0 T T T T

Fig. 4. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 4 for the disk, hexagon, square, and
equilateral triangle (s = 3.2, o = 2).

Table 5. Numerical values of G(E), for s = n (a=2).

Shape P(E) Pw(E) G(E)

Disk 2n 4.7584 11.0416
Hexagon V(8TV(3)) 4.6302 11.2280
Square 4(m) 4.5065 11.5963
Eq. triangle N(mVB)N(3) 41333 12.2139

OP(E) OPx(E) OG(E)

I
N
x4 o~

<Q

Values

ot

0

/\2@/
Fig. 5. Bar chart of the numerical values of P(E), P«x(E), and G(E) of Table 5 for the disk, hexagon, square, and
equilateral triangle (s =m, o = 2).
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Table 6. Numerical values of G(E), for s = n/2 (0=2).

Int. J. Advance Soft Compu. Appl.

Shape P(E) PWE) G(E)
Disk N(2m) 1.66 6.1029
Hexagon 2V(mV(3)) 1.6531 6.3185
Square €7 1.6005 6.6138
Eq. triangle 3NERrNA3)) 1.4850 7.1984
OP(E) OPk(E) DG(E)
6| - [ [ = ,
S
2 [ ]

Fig. 6. Bar chart of the numerical values of P(E), P«x(E), and G(E) of Table 6 for the disk, hexagon, square, and
equilateral triangle (s = /2, o = 2).

Table 7. Numerical values of G(E), for s = n/4 (a=2).

Shape P(E) P«(E) G(E)
Disk T 0.4971 3.6387
Hexagon 2V(@/2N(3)) 0.4800 3.7789
Square 2\(n) 0.4604 4.0053
Eq. triangle 3N@ANEB)) 0.4683 4.25
OP(E) OPx(E) OG(E)
4+ =[] —
é _
s, ]
0 H m m m
N & @ &
3 & o %
Q «ba_’l} Cg°* &&{&\

Fig. 7. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 7 for the disk, hexagon, square, and
equilateral triangle (s = /4, a = 2).
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Casea=1.
Table 8. Numerical values of G(E), for s = 4 (a=1).

Shape P(E) Pd(E) G(E)

Disk 4(m) 6.9409 14.0307
Hexagon M2N3)) 6.5478 13.9926
Square 8 6.2538 14.2538
Eq. triangle 12N(3)A3) 6.1149 15.2310

OP(E) OPx(E) OG(E)
! ! ! !

10 + |

Values

0 T T T T

Fig. 8. Bar chart of the numerical values of P(E), P«x(E), and G(E) of Table 8 for the disk, hexagon, square, and
equilateral triangle (s =4, a=1).

Table 9. Numerical values of G(E), for s = 3.5 (a=1).

Shape P(E) Pw(E) G(E)

Disk 2N(3.57) 5.5354 12.1673
Hexagon 2V(7N(3)) 5.4587 12.4227
Square 4(3.5) 5.0556 12.5389
Eq. triangle 6V3.5VBNAB3) 4.4379 12.9676

DP(E) OPk(E) OG(E)

I
&

Values

[}

0

I I I

. & & N

& N S
Q o & o &&9

Fig. 9. Bar chart of the numerical values of P(E), P«x(E), and G(E) of Table 9 for the disk, hexagon, square, and
equilateral triangle (s = 3.5, a =1).
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Table 10. Numerical values of G(E), for s = 3.2 (a=1).

Shape P(E) PyE) G(E)

Disk 2N(3.27) 4.7304 11.0717
Hexagon 27(6.4(3)) 4.6374 11.2963
Square 4(3.2) 4.5409 11.6963
Eq. triangle NGB 23NN 3) 4.1565 12.3119

COP(E) OPx(E) OG(E)

10 + y

0 T T

Values
T
N
|

Fig. 10. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 10 for the disk, hexagon, square, and
equilateral triangle (s =3.2, a = 1).

Table 11. Numerical values of G(E), for s = w (a=1).

Shape P(E) Pw(E) G(E)

Disk 2n 45449 10.8281
Hexagon V(8TV(3)) 4.4833 11.0811
Square 4(m) 41210 11.2108
Eq. triangle NGB (3) 3.8054 11.8860

OP(E) OPx(E) OG(E)

10 - .

Values

0 T T T I

Fig. 11. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 11 for the disk, hexagon, square, and
equilateral triangle (s ==, a = 1).

Table 12. Numerical values of G(E), for s = @/2 (0=1).
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Shape P(E) Pw(E) G(E)

Disk N(2m) 1.5743 6.0172
Hexagon 2V(@V(3)) 1.4715 6.1369
Square MN(m/2) 1.3239 6.3372
Eq. triangle 3NRrNA3)) 1.2913 7.0051

OP(E) OPk(E) OG(E)

61 — T [ - .
L. 1
S

2, |

1 o

e S N
2 O >

Fig. 12. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 12 for the disk, hexagon, square, and
equilateral triangle (s = /2, a = 1).

Table 13. Numerical values of G(E), for s = w/4 (a=1).

Shape P(E) P(E) G(E)

Disk T 0.5028 3.6444
Hexagon 2(@/2N(3)) 0.4071 3.7060
Square 2V(m) 0.3889 3.9338
Eq. triangle 3N@ANEB)) 0.3800 4.4196

OFP(E) OPk(E) OG(E)

Values

Fig. 13. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 13 for the disk, hexagon, square, and
equilateral triangle (s = /4, o = 1).
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Table 14. Numerical values of G(E), for s = 0.6 (a=1).

Shape P(E) PE) G(E)

Disk 2.7459 0.2988 3.0447
Hexagon 2.8834 0.2528 3.1362
Square 3.0984 0.2487 3.3471
Eq. triangle 3.56314 0.2366 3.7680

OP(E) OPk(E) OG(E)

Values
(R}
T
|

o LM I [ I

Fig. 14. Bar chart of the numerical values of P(E), P«(E), and G(E) of Table 14 for the disk, hexagon, square, and
equilateral triangle (s = 0.6, a. = 1).

Remark 1. Based on the numerical experiments above, restricted to the four tested families of regular
shapes, we conclude that the results suggest the existence of a threshold area s, that depends on the
choice of a: sy € [m, 3.2[ for a = 2, while s, € [3.5,4[ for & = 1. Below this threshold area s, the disk
minimizes the shape functional G(E) among the four tested families of regular shapes.

3.1 Analysis of the energy difference AG,(E) = Gy(E) — Gy(Disk) for o =2

In this subsection, we plot the energy difference AG,(E) = G,(E) — G¢(Disk) as a function of the area
parameter s, for the regular hexagon, square, and equilateral triangle and for a = 2.
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—8—Regular hexagon
-15 + | —8—Square
Equilateral triangle

- —_\GS(E)=0 "
.20 A A J
0 5 10 15 20

Fig. 15. Energy difference AG(E) = Gs(E) — G4(Disk) as a function of the area parameter s, for the regular
hexagon, square, and equilateral triangle (o = 2).

4 Study the Minimization of the Augmented Shape Functional of the Shape
Functional G

In this section, we look for studying the minimization of the augmented shape functional denoted by
Gr (E) on the admissible shape A,, and defined as follows:

Gr(E) :=G(E) + 2v | K N2 (gmy a(E), 3)

|[EA(Br,+Y)|

where a(E) : = inf, egm 2|

the Fraenkel asymmetry of the shape E.

Proposition 5. For any admissible shapes E, we have the following:

Py (Br,) < Px(E) + 2v Il K Nl gmy a(E), 4)
1

v \m
where R, = (m) .
Proof. Remember that from Proposition 1 and the fact that the ball B,  maximizes the shape functional
Py on the admissible shapes A,,, it gives that:

(VE € A,)(Yy €ER™) Py (BRV (y)) < Pe(E) + 2 1 K lagmy |E A B, ()],
The fact that the functional Py is invariant up to translation, it yields
(VE € A,)(Vy € R™)  Py(Bg,) < Px(E) + 2 | K ll 2 gmy |E A Br, ().

Taking the infimum over all ye€R™, we obtain (VE € A,) Py(Bg,) < Pg(E) +2 Il
K llx infyerm|E A By, (y)|. Consequently, (VE € A,) Py (Bg,) < Pi(E) +2v | K llx a(E).
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The following proposition gives an upper bound of the Fraenkel asymmetry of the minimizer E* of the
shape functional G(E).

Proposition 6. There exists a constant universal C(m) > 0 such that the Fraenkel asymmetry of the
minimizer E* satisfies the following:

1
v ” K ”Ll(Rm))E
C(m)P(Bg,)/

Proof. Thanks to the quantitative isoperimetric inequality ([2, 7]), then there exists a constant
dimensional C(m) > 0 such that for every shape E in the admissible shapes A,, we have P(E) >
P(Bg,) + C(m)P(Bg,)a(E)?. In particular for E* the minimizer of the shape functional G, we get
P(E*) = P(Bg,) + C(m)P(Bg,)a(E*)?.

a(E™) S(

Since E* is a minimizer of the shape functional G(E) on A,,, then g(BRv) > G(E*) = P(E™). Therefore,
Px(Bg,) = C(m)P(Bg,)a(E*)? (5)
On the other hand, we have
Pe(B) = [ [ te, 0t 0IKG =y dxdy = [ [ gy @s,, OIKG drdy
R™ JR™M rRM JRmM

= me Xbg, ) ( me XBr,—y (OK(x) dx) dy (apply Fubini’s theorem) (6)

< f Xbg, ) < f K (x) dx) dy < v I K llpagm).
R™ R™

Combining (5) and (6), we obtain C(m)P(Bg,)a(E*)? < v Il K Il 1gmy. Consequently,

1

v " K "Ll(]Rm)>E

C(m)P(Bg,)

Theorem 2. For any set E in the admissible shapes A,,, we have the following:
Gr(Br,) < Gr(E).

Proof. Remember that from Proposition 5, we have SDK(BRV) < Py(E) + 20 | K lljagmy a(E) for
every E € A,,. The fact that the perimeter is minimized by balls, this implies that:

(VE € A,) Py(Bg,) + P(Br,) < Px(E) + P(E) + 2v | K ll2gmy a(E).

a(E™) S(

Then, G(Bg,) < G(E) + 2v Il K ll 1 gmy a(E). Since a(Bg,) = 0, then for every E € A,
Gr(Br,) < Gr(E).

Thus, the ball By is a global minimizer of the augmented shape functional G on the admissible shapes
A,. ®
Corollary 3. The gap G(Bg,) — G(E*) satisfies the following:
1
V3K 1 gomy )2
C(m)P(Bg,) |’

where E* is a minimizer of the shape functional G on A,,.

0<G(Bg,)—GE" < 2(
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Proof. Since E* is the minimizer of the shape functional G(E), then G(E*) < g(BRv). Thanks to the
definition of Fraenkel asymmetry and Theorem 2, we obtain Q(BR,,) < Gr(E™). Hence, G(E*) <

G(Bg,) < Gr(E™). So,
0 < G(Bg,) —G(E") < 20 I K lljagmy a(E®).

From Proposition 6 we can conclude:

1
. U3 || K ”13,1(Rm) 2
0<G(Bg,) —G(E) <2 (W)

5 Conclusion

In this work, we investigated a minimization problem for a shape functional defined as the sum of the
perimeter in the sense of Caccioppoli—-De Giorgi and a non-local interaction term generated by a regular
kernel. The study was conducted on a class of measurable sets with a finite perimeter and a fixed volume.

In the first part of this paper, we established the existence of a minimizer for the functional under
consideration. This result relies primarily on the lower semi-continuity of the functional and on the
compactness theorem within the space of functions of bounded variation (BV). This approach, thus,
provides a variational framework that guarantees the existence of an optimal shape within the admissible
class.

Next, we investigated the first shape derivative of the shape functional under a fixed-volume constraint.
We then demonstrate that when the interaction kernel is radial, the ball satisfies this optimality condition.
Consequently, the ball is a critical point of the shape functional with respect to all admissible volume-
preserving perturbations.

The theoretical analysis was complemented by a two-dimensional numerical study based on the Monte
Carlo method. Four families of regular shapes with equal area were considered: the disk, the regular
hexagon, the square, and the equilateral triangle. For the values tested, the results suggest the existence
of a threshold area s, within the interval [, 3.2[ for « = 2 and within the interval [3.5,4[ for « = 1.
For sampled values below this threshold, the disk is the minimizer of the shape functional among the
four families tested.

Also, we controlled the Fraenkel asymmetry of the minimizer E* by a term which depends on the volume
vand || K Il 1 gmy. An augmented shape functional G(E) was then considered by adding a penalization
term, and we proved that the ball of volume v is a minimizer of the augmented shape functional.

Several avenues exist for extending this work. One initial direction involves theoretically establishing
the existence of a critical threshold separating different minimization regimes. It would also be
interesting to extend the study to other classes of interaction kernels. Finally, from a numerical
standpoint, another study will subsume the use of deterministic quadrature or cubature methods,
complementing the Monte Carlo method.
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